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Abstract 

Let tp be the period map for a family of the cyclic triple coverings 
of the complex projective line branching at six points. The symmetric 
group Sq acts on this family and on its image under ip. In this paper, 
we give an SVequivariant expression of ip^ 1 in terms of fifteen theta 
constants. 

1 Introduction 

Let C(A) be the cyclic triple covering of the complex projective line P 1 
branching at six points A 1; . . . , A 6 : 

6 

C(A) : w 3 = Y[(z-\i). 

i=l 

The moduli space of such curves with a homology marking can be regarded 
as the configuration space A of ordered six distinct points on P 1 , which is 
denned by 



GL 2 {C)\{X = {X ij )eM(2,6)\X{ij) 



Aii X\j 



? 0}/(C 



*\6 
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Note that the symmetric group Sq naturally acts on A. It is shown in ||Yo2|| 
that the map 



i : A 3 A ^ [. . . , y {ij - khmn ), ...] = [..., \(ij)\(kl)\(mn), . . .] e P 14 

is an S'g-equivariant embedding and that its image is an open subset of Y 
defined by linear and cubic equations. 

The normalized period matrix Q of C(A) with a homology marking be- 
longs to the Siegel upper half space S 4 of degree 4. By our assignment of 
a homology marking, Q can be identified with an element of 3-dimensional 
complex ball B 3 = {x G P 3 | t xHx < 0}, where H = diag(l, 1, 1, — 1). In 
this way, we get a multi- valued map ip : A — > B 3 C S 4 , which is called the 
period map. Results in | DM| | and | Ter | imply that the image of ip is an open 



dense subset of B 3 , the monodromy group of ip is the principal congruence 
subgroup r(l - u) of level (1 - u) of r = {g e GL 4 (Z[uj]) \ l gHg = H}, 
and that the inverse of ip ls single valued. 

In this paper, we express the inverse of the period map ip in terms of 
fifteen theta constants. More precisely, for the two isomorphisms x/i : A — > 
ip{A)/r{l — uj) and i : A — > l(A) C Y C P 14 , we present an isomorphism 
: ifj(A)/r(l — uj) — > i(A) such that the following diagram commutes: 

A ^ ${A)lr{l-u) 

4 e/ (1) 

l(A) cFc P 14 . 

The map is given by the ratio of the cubes of the fifteen theta constants on 
§ 4 which are invariant under the action of -T(l — to) embedded in 5*^(8,2). 
In particular, linear and cubic relations among the cubes of fifteen theta 
constants coincide with the defining equations of Y C P 14 . 

It is known that F j (r(l — u), —I4) is isomorphic to Sq, which naturally 
acts on ip(A)/r(l — u>). The period map ip is SVequivariant. By considering 
the action ^6 — F j (r(l — u), —I4) on the fifteen theta characteristics, we la- 
bel fifteen theta constants as (ij; kl; mn), where {i, j, k, I, m, n} = {1, . . . , 6}. 
Then it turns out that the diagram ([!]) is Sg-equivariant. 

An explicit expression of ip~ l is given in ||Gon|| . We want to know the 



combinatorial structure of 1/) 1 in order to study the inverse of the period 
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map from a family of smooth cubic surfaces to the 4-dimensional complex 
ball B 4 in flATHj 

For a 2-dimensional subfamily of ours defined by A5 = A6, the period map 
and its inverse are studied in ||Pid] and [|Shi|| . 

Acknowledgments. The author is grateful to Professors H. Shiga and 
M. Yoshida for their valuable discussions. 

2 Configuration space A of six points on P 1 

Let M(m, n) be the set of complex (m x n) matrices. We define the config- 
uration space A of ordered six distinct points on the complex projective line 
P 1 as 

A = GL 2 (C)\M / (2,6)/(C*) 6 , 

where 

M'(2,6) = {A = (Xij) G M(2,6) | \{kl) = 

and GL 2 (C) and (C*) 6 (regarding as the group of (6 x 6) diagonal matrices) 
act naturally on M'(2, 6) from the left and right, respectively. Note that we 
regard the column vectors of A G M'(2, 6) as the homogeneous coordinates of 
six points on P 1 and the action of GL2(C) as the projective transformation. 
Six distinct points Ai, . . . , A6 on C are expressed by an element of A by (2 x 6) 
matrix 

A - ( 1 1 1 1 1 M 

y Ai A2 A3 A4 A5 A6 J 
By normalizing (Ai, A2, A3) as (00, 0, 1), matrices of the form 

represent A. 

We define a map t from A to the 14-dimensional projective space P 14 by 

l : A 3 A i->- [. . . , y(ij-ki-mn), ...] = [..., X(ij) X(kl) \{mn) , . . .] G P 14 , 

where A is a (2 x 6) matrix represent of an element of A and projective coordi- 
nates of P 14 are labeled by / = (ij; kl; mn) k,l,m,n} = {!,..., 6}, i < 



Aifc X11 
A2/C A 2 ; 



^ (1 < k ^ I < 6)}, 
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j, k < I, m < n). Since the image t(A) is invariant under the actions GL 2 (C) 
and (C*) 6 , this map is well defined. We use the following convention 

y(ij\kl;inn) U (kl;ij\mn) U (ij\mn;kl) V (ji;kl;mn) ■ 

The image l(A) is studied in [ |Yo2|| , it is described as the following. 



Fact 2.1 The closure Y = l(A) of l(A) is a subvariety o/P 14 defined by the 
linear and cubic equations 

V {ij ;kl;nin) V (ij ;km;ln) ~l~ D (ij;kn\lm) 
V (ij ;kl;mn)y (ik;jn;lm)y (im;j l;kn) V (ij;kn;lm)y (ik;jl;mn)V (im;jn;kl) • 

We define A as the compactification of A isomorphic to Y. 

3 Period matrix of C 

Let C = C(X) be the triple covering of P 1 branching at six distinct points 
A's: 



C(A) : w 3 = Y[(z-Xi); 

i=i 

this curve is of genus 4. Let p be the automorphism of C defined by 

p : C 3 (z, w) i— > (z, ojw) G C, 

where lu = We give a basis of the vector space of holomorphic 1- 

forms on C as follows 

dz dz zdz z 2 dz 

<Pl = — , ^2 = — , <^3 = — , <^4 = r . (2) 

w w z w z w z 

For a fixed A such that A ; G K, Ai < . . . < Xq, we take a symplectic basis 
{Ax, ...,A 4 ,B h ..., B 4 } of #i(C, Z) (i.e., ^ • ^ = 5, ■ 5, = 0, B { ■ A 3 = <f y ) 
such that 

p(Si)=Ai(i = 1,2,3), p( J B 4 ) = -A 4 , (3) 

see Figure 1. 
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Put 



4 <Pi 



n A 



i.j 



Let (p be the normalized basis of vector space of holomorphic 1-forms so that 
Qb becomes J4. Note that the normalized period i? = Q A Qg l belongs to the 
Siegel upper half space S 4 of degree 4. The next proposition shows that Q 
can be expressed in terms of 



x 



; 0i, • • • ,£4) 



Proposition 3.1 We have 

O = u[I 4 -(l-uj)(x t xH)/( t xHx)}H = oj[H-(l-u)(x t x)/( t xHx)] 



( 



UJ 



UJ 



V 



-UJ 



/yi 2 I /y»2 I ,-y» 2 ,-y»2 



( X\X\ X\%2 X\X% £1X4 \ 

X 2 Xi x 2 x 2 x 2 x 3 x 2 x 4 

X3X1 X3X2 X3X3 X3X4 

yx 4 xi X4X2 ^4X3 X4X4 / 



where H = diag(l, 1, 1, —1) and t xHx < 0. 

Proof. Put Qa = (x, b, c, d); by (0) and (^), can be expressed as 

i?B = (cjtfa;, cj 2 #6, lu 2 Hc, uj 2 Hd) = uj 2 HQ a + (uj - lu 2 )H(x, O). 
We have 



Q- 1 = W A = u 2 H +{uj- cu 2 )H(x, 0)0^. 



Put 



note that 



We have 



H{x,0)f2X 1 = Hx£ 



1 



/ a^i^i £16 £16 

£261 £26 ^26 

£36 £36 £365 

\ -X46 -»46 -^4^4 J 
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Z2& 



(4) 



which must be symmetric. Thus we have 

x £j = x j& (1 < * < J < 3), Xid = -x 4 ^ (i = 1, 2, 3). 
By eliminating £j in (f|), we have 

H{x,0)Q A 1 = (Hx *xH)/( l xHx). 

Then 

Q- 1 = uj 2 H[h - (1 - uj 2 )(x *xH)/{ l xHx)}. 
It is easy to see that 

[h - (1 - u 2 )(x 'zif )/( 'xifx)] -1 = J 4 - (1 - 
we have 

Q = u[h - (1 - w)(a; l xH)/{ l xHx)]H. 

The imaginary part of Q is ^ times 

H -x'x/i'xHx) -x'x/i'xHx), (5) 

which must be positive definite. If X4 — then the (4, 4) component of (||) is 
— 1, which implies that (|5|) can not be positive definite. Thus we have x 4 ^ 0. 
Put 

f x 4 \ 

x 4 
x 4 
\x x x 2 x 3 ) 

note that (t],x) G GL 4 (C) and that = (0,0,0). We have 



x t x 



x l x 



t xHx t xHx 



H(r),x) 



t r]Hrj 
*0 - l xHx 



If 



—xHx = — \xi\ 2 — |x 2 | 2 — \x 3 \ 2 + |x 4 | 2 > 



then the 3x3 matrix 



1]Hl] = |x 4 | I 3 



X3 



is positive definite. Hence the matrix (S) is positive definite if and only if 



xHx = \Xi\ + \X2\ 



F3 



|x 4 | 2 < 0. 



We embedded the domain B 3 = {x G P 3 | l xHx < 0} in §> 4 by the map 
j : B 3 3 x i-> Q = w[h - (1 - uj)(x 'x#)/( G § 4 . 
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4 Monodromy 



Let (Ai, . . . , Xq) vary as an element in A, we have two multi- valued map 
ip : A -» I 3 



A I— >• x 



$ = jo^ : A -> § 4 

a i * n = jty(\)). 

We call them period maps. The map ^ and its monodromy group were 
studied in JDM|, Perl , |YoI| and flYo^ , the results £1X6 cLS follows. 

Fact 4.1 The image of ip is open dense in M 3 . The monodromy group of i/j 
is conjugate to the congruence subgroup 

r(l -uj) = {g E T | g = I A mod (1-u)} 

of the modular group 

T = {ge GL 4 (Z[u}) I *gHg = H}. 

The Satake compactification M 3 /T(l — uj) o/B 3 // 1 (l — uj) is isomorphic to Y. 

For a column vector v G C 4 such that '-yift> 7^ 0, we define reflections 
B?(v) and R^(v) with root w and exponent and £ = — cj 2 , respectively, as 

i^O) = J 4 - (1 - oj)v( tvHv)- 1 l vH, 
R<( v ) = I^-il-QvCvHvY^vH. 

It is shown in [|A11|| that T(l — uj) can be generated by fifteen reflections 
R£j = R u (vij) (1 < i < j < 6) and that T by — 14 and five reflections 

R-li+i = # C Km) (l<i< 5), where 

v 12 = '(1,0,0,0), v 13 = '(-1,1,0,1), v u = '(-1,-^ 2 ,0,1), 

ui5 = '(w 2 ,0,-^ 2 ,l), v 16 = \uj 2 , 0,u,l), v 23 = '(a; 2 , 1,0,1), 

v 2 4 = *(^ 2 , -^ 2 ,0, 1), w 2 5 = *(-^,0, -uj 2 , 1), U26 = *(-w,0,a;, 1), 

v u = '(0, 1,0,0), u 35 = *(0,-w,w,l), ^36 = '(0,-u;,-l,l), 

^45= 4 (0, 1,^,1), ««= *(0, 1,-1,1), y 56 = '(0,0,1,0). 

The reflections correspond to the following movements of Aj's. When Aj goes 
near to Xj in the upper half space and turns around Xj and returns, x becomes 
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RfjX. When Aj and Xj are exchanged in the upper half space, x becomes R^x. 
Since R\ i+1 's are representations of braids, they satisfy 

Ri-i,iRli+iRi-i,i = (2 < « < 5). 

The embedding j induces the following homomorphism from 17(3, 1; C) to 

Sp(8,R) = {</ G GL 8 (R) \ l gJg = J = ( £ ~o)} : 

j:U(3,l;C)3P + uQ»(_2 Q H{ p H Q)H ) e Sp(8,R), 
where P and Q are real 4x4 matrices. Note that 

r^.SpfaR) D j(f/(3,l;C))9 B D 

i-> A + uBH = (-HC + HDH) — uHC G £/ (3, 1; C). 

Let us express the images of R w (v) and R^(v) under the map J. The image 
of uli under J is given by 

W = (° H H h ) ^Sp(8,Z). 

For a column vector v = a + ub (a, b G M 4 ), define column vectors Ui = 
(_#{,) an d u 2 = Wv\ and form a (8 x 2) matrix V — (i>i, v^). Straightforward 
calculation shows the following. 

Proposition 4.1 If l vHv ^ 0, then j(R"(v)) = R?(y) and j(R c (v)) = 
R^(v) are given by 

i 8 - (i 8 - w)v{ 1 vjv)- 1 i 8 - (is + w 2 )v( 'vjvy 1 *vj, 

respectively. 

Systems of generators of -T(l — u) = j(r(l — u)) and r = j(r) are given 
by %s and i^ +1 's. 
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5 Riemann theta constants 

The Riemann theta function 

$(z, t) = ^ exp[7rv / ^T(nr t n + 2n t z)\ 

n=(ni,...,n r )£Z r 

is holomorphic on C r x § r and satisfies 

d(z + p,r) = "d(z, r), d{z + pr, r) = exp[— 7TV— T(pr *p + 2z r), 

where S r is the Siegel upper half space of degree r and p G 27. It is well known 
that for (z, r) G C x H, r) = if and only if z = ^ +p + qr (p,q E Z). 
The theta function i9 0) &(2, r) with characteristics a, 6 is defined by 

^a,fe(^,T) = exp[7rv /r T(ar *a + 2a t (z + 6))]?9(z + ar + 6, r) (6) 
= ^2 exp[7r v /z T((n + a)r t (n + a) + 2(n + a) \z + 6))], 

where a,b e Q r . Note that 

tf-o,-&(*, r) = ti a , b (-z, r), tf a+Pi&+5 (2, r) = exp(2vr v /:r Ta *g)0 ai &(*, r). (7) 

The function $ a ,b(T) = $a,&(0, r) of r is called the theta constant with char- 
acteristics a, b. If r is diagonal, then this function becomes the product of 
Jacobi's theta constants: 

r 

tfa,&(r)=n^fr), 

i=l 

where 

a = (ai, . . ■ , a r ), & = (&i, . . . , & r ), r = diagfa, . . . , r r ). 
The following transformation formula can be found in |[[gi]|| p. 176. 



Fact 5.1 For any g = ^ J G Sp(2r,Z) and (a,b) G Q 2r , we put 

g.(a,b) = (a,b)g~ 1 + ^(dv(C t D),dv(A t B)) 
4>{a,b)(9) = -^{a t DB t a-2a t BC t b + b t CA t b) 
+ ^(a t D-b t C) t {dv{A t B)), 

9 



where dv(A) is the row vector consisting of the diagonal components of A. 
Then for every g G Sp(2r, Z), we have 

#g.(a,b)((AT + B)(CT + D)^) 

= n{g) exp(2nv^l(f) M (g)) det(CY + £>)*i? (0)6) (r), 
in which n(g) 2 is a 4-th root of 1 depending only on g. 

Proposition 5.1 There are 81 = 3 4 theta characteristics 

(a,b) = (ai,...,a 4 , bi,...,h) 

such that 

g ■ (a, b) = (a, b) mod Z 8 
for any g G T{1 — uj) C Sp(8, Z); they are given by 

b=-aH, ( i = 1 >"-' 4 )- ( 8 ) 



Proof. Since 



we have 



W ■ (a, b) = (-a + -aH) + -(1, 1, 1, -1, 0, 0, 0, 0), 



-aH = b, -2a +-(1,1, 1,-1) = a mod Z 4 . 



Thus we have the condition (|8|). It is easy to check such theta characteristics 
are invariant under the action on 15 reflections Rfj. 

We label the 81 characteristics a's by combinatorics of six letters; they 
are classified to 4 classes. The list of the correspondence between the label 
of a and 6a is as follows: 

(12;34;56)^±(3, 3, 3, -1) (12;35;46) «->±(3, 1, 1, -3) (12;36;45)<^±(3, 1, -1, -3) 

(13;24;56)^±(b 1, 3, -3) (13;25;46)<-nfc(l, -1, 1, -1) (13;26;45)<-nfc(-l, 1, 1, 1) 

(14;23;56)^±(1, -1, 3, -3) (14;25;36)^±(1, 1, 1, -1) (14;26;35)<-nfc(l, 1, -1, -1) 

(15;23;46)^±(1, 1, -1, 1) (15;24;36) <->±(l, -1, -1, 1) (15;26;34)<->±(1, 3, 1, -3) 

(16;23;45)<->±(1, 1, 1, 1) (16;24;35) <->±(l, -1, 1, 1) (16;25;34)<->±(1, 3, -1, -3) 
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(1 2 2). 


-(1,3,3,3) 


(1 2 3) 


-(5,1,3,5) 


(1 2 4)~ 


■(5,5,3,5) 


(1 2 5)- 


-(5,3,1,1) 


(1 2 6) 


-(5,3,5,1) 


(2 2 3)^ 


■(1,1,3,5) 


(2 2 4) 


-(1,5,3,5) 


(2 2 5) 


-(1,3,1,1) 


(2 2 6)^ 


■(1,3,5,1) 


(3 2 4) ♦ 


-(3,1,3,3) 


(3 2 5) 


-(3,5,1,5) 


(3 2 6)^ 


■(3,5,5,5) 


(4 2 5) *■ 


-(3,1,1,5) 


(4 2 6) 


-(3,1,5,5) 


(5 2 6)^ 


■(3,3,1,3) 




m - 


—a for 


(fj) l<i 


< j < 6, 





(123)^(3,1,3,5) (124)^(3,5,3,5) (125)^(3,3,1,1) 
(126) <- (3, 3, 5, 1) (134) <- (1, 3, 3, 1) (135) <- (1, 1, 1, 3) 

(136)^(1,1,5,3) (145)^(1,5,1,3) (146)^(1,5,5,3) 

(156)^(1,3,3,5) (Imn) <-> —a for (ijk) {i, j, k, I, m, n} = {1, . . . , 6} 

(123456)^(3,3,3,3). 

The first class is characterized by (6a) H *(6a) = 2 mod 24 and the charac- 
teristics (a,—aH) with label (ij; kl;mn) is invariant under the actions R^, 
and -R^ n ; the second class is characterized by (6a)H t (6a) = 10 mod 24 
and the characteristics (a, —aH) with label (i 2 j) is invariant under the ac- 
tions Rf }l n {k,l} = 0) and R\- ■ (a,—aH) is (—a,aH) with label 
(ij 2 ); the third class is characterized by (6a)H l (6a) = 18 mod 24 and the 
characteristics (a, —aH) with label (ijk) is invariant under the actions _R^ m 
({«, j, fc} n {/,m} = or {/,m}). 

We denote 'Oa-aH(tt) by $[6a](^) or $(ij; kl;mn), $(i 2 j), $(ijk) and 
t9(123456) for corresponding characteristics a. Note that for p, q e Z, 4 , 

§(a(Q-H) +pQ + q, n) 
= exp[-ny/-[(pn l p+2p(Q-H) 'a)]tf(a(/2-if), /?) 
= expl-vrv 73 !^ t p+2p(f]-H) l a+aQ t a-2aH t a)]# a ,-aH(n) 
= exp[2vrv /Z T(a + p)# *(a + p)] exp[-7r\^-L(a + p)/2 '(a + p)]tf [a] (/2). 
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Proposition 5.2 The theta constants i9(i 2 j), $(ijk) and $(123456) are iden- 
tically zero on j(B 3 ). The theta constants $(ij; kl; mn) are not identically zero 
onj(M 3 ). 



Proof. We apply Fact |5.1| for 



Note that 



W-(2 = (2, W-(a, -aH) =(a- (3a - ^diag(tf)), -aH 
and that 

(f>(a,-aH)(W) = ^aH l a = ^(6a)H 4 (6a), det(CQ + D) = u. 
Since k(W) is an 8-th root of 1, the sufficient condition for 

k(W) exp(27r v /z T0(a,i,)(W)) det(C^ + D)3 = 1 (9) 

is (6a) H *(6a) = 2 mod 24. If (6a) H *(6a) ^ 2 mod 24, then $ a ,_ a ^(^) van- 
ishes. Thus the theta constants t?(i 2 j), $(ijk) and $(123456) are identically 
zero on j(B 3 ). 

For a = (|, . . . , |) and x = (0, 0, 0, 1), $ ai _ a #(i2) reduces to 
which does not vanish. Hence i9(ij; kl; mn)'s survive. Note that ^(H^) 2 = — 1 

by (ED- 

Proposition 5.3 We have 

$(i,i + l;M;mn)(Rl i+1 -j(x)) s = - X (R{ i+ i)^(i,i + l;kl;mn)(j(x)f , 
ti(ik;i + l,l;mn)(Rl i+1 -j(x)) 3 = x(i^ i+1 )tf(z7; z + l,k;mn)(j(x)f, 
where 



x(R 



l xHx 

C 



which takes 1 on the mirror of R ii+l . 
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(A B 
q £j ) ) straightforward calculation shows 

det(Cj(x) + D)= V M+1 / = ' + „, ' + ■ 

det(R[ i+1 ) l xHx -uj 2t xHx 

By computing (j> a ,b(Ri i+x) in Fact |5j] and using (0), we have 

0(z, z + 1; fcZ; mn)(^ )!+1 • j(x)) 3 = -cx(^ i+1 )0(z, i + 1; fcZ; mn)(j(x)) 3 , 
0(ik]i + lj]mn)(i% 4+1 -j(x)) 3 = c X (Rl i+1 )${il;i + l,k;mn){j{x)) 3 , 

where c is a certain constant depending only on Rj i+1 - If we restrict ](x) on 
the mirror of R\ we have 



Since 0(i, fc; « + 1, /; mn) = 0(i, Z; i + 1, fc; mn) on the mirror of R\ i+ i and it 
does not vanish, the constant c must be 1. 

Since R^ q can be expressed in terms of and R^ q = (R^ q ) 2 , we have 

the following two propositions. 

Proposition 5.4 We have 

$(ij; kl; mn)(R^ q ■ j(x)) 3 = x(K)$(ij; kl; mn)(j(x)) 3 , 

where 

x{R ™ ] = V wx — 

which takes 1 on the mirror of R?„. 

Proposition 5.5 The function $(ij; kl; mn)(j(x)) vanishes on the -T(l — uo) 
orbits of the mirrors of Rfj, R% 1 and R^n- 

Proof. By Proposition |5.3| , when we restrict j(x) on the mirrors of R% 2 , R% 4 
and i?5 6 , we have 

0(12; 34; 56)(j(a;)) 3 = -0(12; 34; 56)(j(x)) 3 = 0. 

For the T(l — to) orbits, use the previous proposition. In oder to show for 
general 0(ij; kl; mn)(j(i))'s, use Proposition |5] 
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6 The inverse of the period map 

Proposition 6.1 Let Q be the period matrix of 

C{\) : w 3 = z(z - l)(z - £i)(z - i 2 ){z - e 3 ) 



given in Proposition \3. 1\. We have 



#(13 


24 


56)(/2) 


#(14 
#(13 


23 
25 


56)(/2)' 
46)(tf) 


#(15 
#(13 


23 
26 


46)(i?)' 
45)(tf) 


#(16 


23 


45)(J7)' 



(10) 

(11) 

(12) 



Proposition 6.2 For t/ie period matrix Q ofC(X), linear and cubic relations 
among #(r/; kl;mn)(Q) coincide with the defining equations ofYc P 14 : 



$ 3 (ij;kl;mn)(n) - 3 (zfc; jl;mn){Q) + $ 3 (il;jk;mn)(Sl) = 0, 

■d 3 (ij; kl; mn)(J?)# \ik; jn; lm)(fi)d 3 (im; jl; kn)(fi) 
= #(r/; fcn; lm){Q)'& 3 {ik;jl; mn)(Q)$ 3 {im; jn; kl){Q). 



(13) 



(14) 



Propositions |TT] and imply the following. 
Theorem 6.1 Let be the map from B 3 /.T(1 — u) to Y defined by 

x *-+[..., y(ij;ki;mn), •••] = [•••, ^ 3 (u; kl; mn)(j(x)), . . .]. 
We have the following S^-equivariant commutative diagram: 

A M 3 /r(l-u) 

4 

Y C P 14 . 



In order to prove Propositions |6.1| , |6.2| , we state two facts in ||Mum|| ; the 
one is Riemann's theorem and the other is Abel's theorem. 
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Fact 6.1 We suppose z is a fix point on the Jacobi variety Jac(R) of a 

f'P 

Riemann surface R of genus r. The multi-valued function ${z + J Pq <p, r) of 
P on X has r zeros P\, . . . ,P r provided not to be constantly zero, where tp = 
[cpi, . . . , tp r ) is the normalized basis of the vector space of holomorphic 1- forms 
on R such that (J B <fj)ij = I r for a symplectic basis {A±, . . . , A r , B 1 , . . . , B r } 
of Hi(R, Z), and r = (J\ Moreover, there exists a point A on Jac(R) 

called Riemann's constant such that 

<=1 Jp o 



Fact 6.2 Let R be a Riemann surface of genus r with an initial point Pq. 
Suppose Yli=x Pi an d Yli=i Qi be effective divisors of degree d satisfying 

d „P t d Qi 

i=l J Po i=i JPo 

where cp is the normalized basis of vector space of holomorphic 1-forms on R. 
Then there exists a meromorphic function f on R such that 



i=l i=l 

f can be expressed as 



f(P) = c ~ Q ' 



nil ^ + Jp>,t) 
where c is a constant, r is the period matrix of R, e satisfies i9(e) = 0, 

'Pi 



rP pP 

Jp Jo, 



as multi-valued functions of P on R, and paths from Pi and Qi to P are the 
inverse of the paths in (WW followed by a common path from Pq to P. 
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Proof of Proposition Itt. We take R as 

C : w 3 = z(z - l)(z - i x ){z - £ 2 )(z - £ 3 ) 
with the initial point Po = (0, 0) and put 

Poo = (00, 00), P x = (1, 0), P k = (£ u 0) (i = 1, 2, 3). 
Let us define a meromorphic function / on C by C 9 (2, w) 1— > z, then 

(/) = 3P -3P oo . 

We construct a meromorphic function on C with poles 3Poo and zeros 
3Po by following the recipe given in Fact Let 7* (21, z%) (i = 1, 2, 3) be a 
path in C from (z±, W\) to (22, ^2) in the z-th sheet. Since u 2 + lj + 1 = 0, 
we have 

r-Po 



V / p= (0,0,0,0) = 3 / % 

i=1 ^7 s (0,oo) JPo 



for three paths 7i(0, 00) from P to P^. We give the following table: 



3 JA 1 -B 1 ^72(00,0) 3 J_2Ai-Bi 

1 /" /" 1 



(p = - </?, ; ip — — I ip, 

73(00,0) 3 Ja^IB^ J 71(0,1) 3 ,/_2Ai+yl2-^4--Bi+2B 2 +2B4 

1 



72(0,1) JA1+A2-A4+2B1-B2-B4 



1 /" /" 1 



f — — J If, / If = - If, 

73(0,1) 3 „/ J 4i-2A2+2A 1 --Bi-,B2--B4 J ^(1,^) 3 Ja 2 -B 2 

if rir 

ip — — I if,i ip — — f. 

1i(h,li) ^ ,/_2A2+A3+2A4-B2+2B3-B4 AiC^A) ^ Ja s -B 3 



Put 



= 7 / 

'3A1+A2+3A3+5A4-3S1-B2-3S3+5-B4 
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corresponding to the characteristic |(3, 1, 3, 5) with label (123), and define a 
meromorphic function P of P = (z, u>) on C as 

P(P) = ^ 3 } ^ ^ v , (16) 

ni=i^^+4 (00i o )+71( o, Z )^^ 

16 



where i? is the period matrix of C. Since $(123) vanishes, we have $(e) = 0. 
We check that neither the denominator nor the numerator of F identically 
vanishes. We put P = P^, Pe 2 , Pe a and use (0) and (0), then we have 



F(P tl ) = cf(P tl ) = ct x 
F{P l2 )=cf{P l2 ) = d 2 
F(P e3 )=cf(P e;i ) = d 3 



exp| 



exp[ 



3 



(2(2 



/f-l,-l,3,-3](^) 



^1,-1,3,-3] (^) 
11 lll(^) 

3 <2fi " + 1)l ^>)' 



r 7Ti 



1 



exp[ 



mil(^) 



where c is a constant depending on Q. By Proposition |5.2| , neither the de- 
nominator nor the numerator of F identically vanishes. 

We put P = Poo, Pq, Pi] the denominator and the numerator of F vanish 



at these points by Proposition p^2| . Since (F) = 3Po — 3Poo, Px, and Pq are 
zeros of higher order of the denominator and numerator of F, respectively. 
The number of zeros of the denominator and numerator of F are 4 by Fact 
refRiemann, thus P\ is a simple zero. We consider limp^p 1 F(P). Let t be a 
local coordinate for P around P\ and z(t) be Jp (p. We have 



F(P) = exp 



^--^(2^! - 2)]- 3 ' 3 ' 3] 



^,s A S|(«(*). fl ) 



When P — > Px, we have t — ^ and z(£) — > (0, 0, 0, 0). Since i = is simple 
zero, we have 

^- 1 ,-3,- 3 ,-3](^ft)^) = Hm gflWl^ifj = _ 1 
^ ^[1,3,3,3] (*(*), ™ ^1,3,3,3] (^W^) " ' 

which implies c = exp[ 7rV T^ (2J?ii + 1)]. Hence we have the expressions fllQl) , 



11) and (O 



Proof of Proposition \6.3j . In order to obtain a cubic relation among 
$ 3 (r/; kl; mn)'s, put 



3A 1 +5A2+3A 3 +5A 4 ,-3B 1 -5B2-3B 3 +5B 4 
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corresponding to the characteristic ~(3, 5, 3, 5) with label (124), then -#(e) 
0; and define a meromorphic function F by fll6l). We have 



3 
3 



(2^ii + 1)] 



and 



F(P 1 )=cf(P 1 )=c = exp| 
F{P l2 )=cf{P l2 ) = d 2 = exp[ 
F(P i3 )=cf(P i3 ) = c£ 3 = exp[ 

c*i = c/(P 4 ) = lim F(P) 

r—*Ft, 



exp[ (2j/ii — 2)J- 



(2^ + i)]fea^ 

#[1,1.3,-3] (/?) 



^[1,-1,-1,1] («) ' 
#f 1 11 ll(^) 

3 (2fl " + 1)l WF' 



#[1,3,3,3] Cfp^, ^) 



exp[^— ^(2/2 n + l)]. 



These imply 



cf(P tl ) tf 3 (13 


24 


56)(fl) 


c/(Pi) tf 3 (14 
cf(P h ) ^(U 


23 
25 


56)(fl)' 

36)(^)tf 3 (13;24;56)(^) 


cf(P 1 ) tf 3 (15 
cf(P h ) tf 3 (14 


24 
26 


36)(/2)tf 3 (14;23;56)(/2)' 
35)(^)tf 3 (13;24;56)(^) 


c/(Pi) #(16 


24 


35)(/2)#(14;23;56)(/2)' 



Compare with the above expression of £2 and flllD , we have a cubic relation 
among the i? 3 (ij; fcZ; mn)'s. By letting P act on theta constants, we have 
more cubic relations among $ 3 (ij] kl; mn)'s. 

Let us lead a linear relation among the $ 3 (r/; fcZ;mn)'s. We start with 

(2, to) 1— > 2 — 1; note that (/') = 3Pi — 3PQO. 



the meromorphic function /' 
Put 

1 

6= 6 



3A 1 +A 2 +3A 3 +5A 4 -3B 1 -B2-3B 3 +5B i 

corresponding to the characteristic |(3, 1, 3, 5) with label (123), and define a 
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meromorphic function F' of P = (z, w) on C as 

nLi^(e+/ 7i{li0)+71(0 , 2) ^^ 



F'(P) 



/7i(oo,0)+7i(0,z) 



Since ?9(123) vanishes, we have $(e) = 0. We consider linip^Py F'(P) and put 
P = Pg l then we have 

F (Pq) = cf(P ) = -c= hm K exp[ 1 = 

P— >"o o 



where 



c/ / (P, 1 ) = c(£ 1 -l) = A'exp[ 



X = eX p[ ^ e'tf *(e' - ei) 4 



3 3 
and e' = (1,— 1,0,1). Now we have the expression 

_ _ #(12;34;56)(^) 
1 tf 3 (14;23;56)(tf)' 

3 (13;24;56)(fl) 



#[5,1,3,5] (jp <^) 
47Ty^T ^3,3,3,-1] (g) 
^ #fl -1,3,-3) (^) 



eH (e - ei)J 



Since we had in (|10|) 



#(14;23;56)(^) : 



we get a relation 



#(12;34;56)(fl) _ fl 3 (13; 24; 56)(fl) 
?? 3 (14;23;56)(^) ~ #(14; 23; 56)(/2) + ~ ' 

which is equivalent to 

#(12; 34; 56)(i?) - #(13; 24; 56)(tf) + #(14; 23; 56)(fl) = 0. 
Action of r produces other the linear relations among the #(ij; kl; mn)'s. 
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7 Appendix 

In this section, we give a geometrical meaning of the label of a's. In order to 
do this, we determine Riemann's constant A. 

Fact 7.1 Riemann's constant A is given by 

m+r-l ( .p i m „Q. 

A = E / / ^ ( 17 ) 

for a certain divisor D = Y^i=i~ ^ — Yl^jLiQj su °h that 2D Q is linearly 
equivalent to the canonical divisor of R. It is easy to see that Riemann's 
constant A is a half period on Jac(R) if and only if (2r — 2)P is a canonical 
divisor. 

For our case, Riemann's constant A is a half period on Jac(C(X)) since 
we have 6Po = (^4) for any C(A). 

Proposition 7.1 Riemann's constant A is invariant under the action of the 
monodromy group F(l — uS). Hence we have 




Proof. Let 7 be a closed path in A and g G F(l — li) be its representation. 
Since A is a half period point of Jac(C(X)), it is expressed by c = (ci, . . . , c§) 
(q G {0, 1/2}). When A moves a little, this vector is invariant and presents 
A. By the continuation along 7, A is presented by the vector c with respect 
to the transformed homology basis by g; i.e., it is presented by g ■ c with 
respect to the initial homology basis. 

On the other hand, A is invariant as a point of Jac(C(X)) under the 
continuation along 7 with respect to the initial basis by the expression (|17|) . 
Thus we have g-c — c. There is only one half characteristic (|, . . . , |) invariant 
under F(l — uj). 

By straightforward calculation, we have the following proposition giving 
a geometrical meaning of the label of a's. 
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Proposition 7.2 The points (a, —aH) of Jac(C) for a with label (ijk) and 
(i 2 j) are expressed as 




respectively. 

We have the necessary and sufficient condition for $(z, r) = 0. 

Fact 7.2 For a period matrix r of Riemann's surface R of genus r, $(z, r) = 
if and only if there exists an effective divisor YllZi Pi such that 

i=l Jp o 

Proposition 7.3 The theta constant $(ij; kl; mn)(j(x)) vanishes only on the 
T(l — to) orbit of the mirrors of R^, R^ and R^ n - 

Proof. The function $(13; 24; 56)(j(x)) is a non-zero constant times 

/•-Poo rPo rPi rP tl 

0(A- / <p- <p- y?+ / <P,j{x)). 
Jp Jp Jp Jp 

By the previous fact, $(13; 24; 56)(j(x)) = if and only if there exists an 
effective divisor Qi + Q 2 + Q3 such that 

Qi + Q2 + Qs = Poo + 2P + Pi - Pt, = E. 

By the Riemann-Roch theorem, the dimension of vector space of meromor- 
phic functions / such that (/) + E > is equal to that of meromorphic 
1-forms (ft such that 

(4>)-E>0. (18) 

Since we have 

M = Poo + p + Pi + p £i + p h + Pi, , M = 6P00 , 

M = 3Poo + 3P , W = 6P , 
there does not exist a meromorphic 1-from satisfying (|18|) . Thus if A G 4 
then no effective divisor Qi + Q2 + Q3 such that Qi + Q2 + Q3 = -E. 

The zeros of theta constants on mirrors are studied in ||Shi|| , which yields 
this proposition. 
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#4 




the third z-space 




the second z-space 




the first z-space 



Figure 1. Our basis of Hi(C,Z) 
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